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Abstract 

This paper concerns a super Poisson-Lie structure on the real Lie super¬ 
group SU(m\n). In fact, it turns out that the realihcation of the complex Lie 
supergroup SL(m\n, C) is a double of SU ( m\n ) i.e. it is endowed with a struc¬ 
ture of super Poisson-Lie which brings down on the supergroup SU{m\n). We 
show that the dual Poisson-Lie supergroup of SU(m\n) is s(AN). Recipro¬ 
cal, s(AN) inherits a super Poisson-Lie structure from the realihcation of 
SL(m\n,C) such that its dual Poisson-Lie supergroup is SU(m\n). 

Keywords: standard (graded) real supergroup, standard (graded) real Baxter- 
Lie superalgebra, standard (graded) real Poisson-Lie supergroup, standard 
(graded) ^-structure. 

1 Introduction 

A Poisson-Lie group G is a Lie group equipped with a Poisson bracket com¬ 
patible with the group multiplication m : G x G —> G. It turns out that the 
Poisson-Lie groups naturally come in dual pairs (G, G ) where the Poisson- 
Lie bracket on G (G) defines the multiplication on G (G). Typically, there 
may exist several Poisson-Lie structures on a given Lie group G and, there¬ 
fore, there are several dual pairs (G, G) where G is fixed and G varies. The 
classification of all Poisson-Lie structures was succesfully performed for the 
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case where G is a simple compact group [6J. It turns out that (modulo a 
simple Drinfeld twist of the Cartan subalgebra) there is essentialy a unique 
Poisson-Lie structure whose corresponding dual group G = AN is given by 
the Iwasawa decomposition G c = GAN of the complexified group G c . 

The canonical Poisson-Lie structure on the simple compact group G [7j 
appears in many applications in mathematics IH> HI and in mathematical 
physics 1^. The principal motivation of this paper is to construct its super¬ 
analogue, i.e. to consider a simple compact supergroup and to find out a 
Poisson bracket on it which would be compatible with the supergroup mul¬ 
tiplication. It turns out, that this program is less straightforward than it 
could seem at the first sight. The principal difficulty emerges at the very be¬ 
ginning and it consists in hireling the appropriate definition of the concept of 
the simple compact supergroup. Roughly speaking, a supergroup (or, rather, 
the algebra of functions on the supergroup) is a graded commutative Hopf 
superalgebra. It therefore seems that complex (real) supergroups should be 
seen as complex (real) superalgebras. In particular, the simple compact su¬ 
pergroup should be certainly a ’’real” object and hence tempted to identify 
it to a certain real Hopf superalgebra. Let us now explain, quite amazingly, 
that this seemingly natural point of view cannot work. Indeed, having a real 
graded commutative Hopf superalgebra, we can define its real Lie superal¬ 
gebra Lie(G). If Lie[G ) is a true Lie superalgebra (i.e. the odd part is not 
empty) then the results of Serganova |TT( imply: if Lie(G) is simple then 
either it does not have the odd part (it is just a Lie algebra) or its even part 
is not compact. For instance, there is no real simple Lie superalgebra whose 
even part would be su( 2). 

bi [TT] (first section), we argued that the no-go result of Serganova does 
not imply that the simple compact Lie supergroups do not exists but it 
rather implies that they should not be viewed as real Hopf superalgebras. 
Speaking more generally, we found very natural to define ’’real” Lie super¬ 
groups as complex graded commutative Hopf superalgebras equipped with a 
^-structure. The situation here is in some sense analogous to that occuring 
in the theory of quantum groups where e.g. the compact quantum group 
SU q ( 2) is not a real Hopf algebra but it is rather a complex Hopf algebra 
equipped with a ^-structure (It turns out that the *-real points do not form a 
real Hopf algebra). Of course, the saying that the real supergroup is compact 
means that the ^-structure must have some additional properties explaining 
the term compact. To this issue is devoted the first part of our thesis HU 
whose results we explain in section 2. 
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In CD, we have proposed the axioms which the (compact) ^-structure on 
complex supergroup should fulfill and we have proved that every complex 
supergroup from the series SL(m\n,C) and OSp(2r,s) possesses a unique 
compact ^-structure. Then, in PI we have performed a test of plausibility 
of our definition of the compact simple supergroup. Indeed, we have shown 
that the realihcation of the complex supergroup SL(m\n, C) admits a super¬ 
analogue of the global Iwasawa decomposition SL(rn\n, C) = SU(m\n)s(AN ) 
where SU{m\n) is our compact real form of SL(m\n, C) and s(AN ) is a real 
supergroup appropriately defined using the positive superroots. Finally, in 
this paper, we corroborate our definition by showing that our compact simple 
supergroup SU(m\n ) can be naturaly equipped with a Poisson-Lie structure 
coming from the structure of s(AN). 

The article is organised as follows: in section 2, we recall the definition of 
a real Lie supergroup as a complex commutative Hopf superalgebra equipped 
with a ^-structure. We also give in this section the definition of real Poisson- 
Lie supergroup and real Baxter-Lie superalgebra. The crucial point here is 
that all these structures appear in two versions: the graded and the standard. 
In section 3, we remind the definition of SL(m\n,C) R , SU(m\n ) and s(AN ) 
(cf. H) and 'III). We establish that SL(m\n) R is the real Drinfcld double 
of the real supergroup SU(m\ri) and s(AN), we equip it with a Poisson-Lie 
structure based on the Yang-Baxter operator R (cf. [ 13 ] adapted to the non 
super case). Then we show that the maps describing the ’’embedding” of 
the real supergroup SU(m\n ) and s(AN ) in its double define also a Poisson 
ideal with respect to the Poisson-Lie bracket on the double. Factorizing the 
algebra of ” functions” (or, rather, of formal power series) on the double by 
these Poisson ideals then gives the seeken super Lu-Weinstein Poisson-Lie 
bracket on the compact supergroup SU{m\n ) and the supergroup s(AN ) 
such that the dual Poisson-Lie supergroup of SU(m\n ) is s(AN ) and vice- 
versa. Moreover, we close the article by three supplementaries annexes which 
give some technical results used in the core of the article. 

2 Real Poisson-Lie supergroup 

In our thesis (cf. [IT]) we have defined standard (graded) real supergroup. 
We give here these definitions, theirs infinitesimal counterparts, the defini¬ 
tions of standard (graded) real Baxter-Lie superalgebra as well as the notions 
of standard (graded) real Poisson-Lie supergoups. 
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First, we recall the notion of supercommutative complex Hopf superalgebra. 
It is a sextuplets (H, p, 1, A, e, S) such that H — H 0 + Hi is a super linear 
space, /i : H 0 H —> H such that p(f ® g) — («l)l/lbl p(g ® /) (supercom¬ 
mutative, for short we note in the sequel p(f ® g) = fg ), f(gh ) = ( fg)h 
(associativity), If = fl = f (unity), the coproduct A : H —> H ® H full- 
fils (A<g>)l o A = (1 (g) A) o A (coassociativity), the counity e : H —> C 
satisfies = /, the antipode S : H —> H is such that 

f-5(/") = -5(f)/" = </), A(f g) = A(f)A(g) and e(/<?) = e(/)e(s) with 
V/, (?, h G H. Here we have used the sweedler notation A(/) — f ® f" with 
/, /', f" G H. A complex supergroup is a supercommutative complex Hopf 
superalgebra. 

Let // be a complex supergroup. A linear map <5 : H —> C is called an 
e-derivation if it satisfies the following property 

= f/)%) + (2-1) 

for all f,g & H. We note 1) the set of all e-derivations on H. \) is a complex 
superlinear space with the following gradation: 5 G f)o if <5 vanishes on Hi, 
while 5 G f)i if A vanishes on H 0 . This linear space is endowed with the 
following superbracket 

[ii.W) = W)W") - (-i) | * || * | j 2 (/')«i(/"), feH. 

This superbracket is well dehned because the superbracket of two e-derivations 
is again an e-derivation. It is easy to prove that this superbracket is super - 
antisymetric i.e. 

[*!,&] = 

as well as fullhls the super-Jacobi identity 

(-l) |i,llfel [i„ [<fe,<5 3 ]] + (-l) |s » ll&l [i3, [<Si,<S 2 ]] + [<J 3 , tfi]] = 0. 

Thus ([),[.,.]) is a complex Lie superalgebra, this is the complex Lie super al¬ 
gebra of the complex supergroup H. 

Remark 2.1 The definition of Lie superalgebra of Lie supergroup via the 
e-derivation is well know in the non-super case, as it is shown in m- 
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In view to define real supergroup, we have to introduce the following two 
kinds of ^-structures. 


Definition 2.1 Let H be a Hopf superalgebra. A standard *-structure of H 


is an even map * : H —> H such that 

(Aa;)*®* = A(x*), (2.2) 

e(x*) = e(x), (2.3) 

(\x + p,y)* = \x* + fiy*, (2-4) 

{xyY = x*y*, (2.5) 

S{x') = (S(x)Y, (2.6) 

Or*)* = x, (2.7) 


with x,y G H and A, y E C. 

If the last property is replaced by the following 


0*)* = (-i) w x, 


( 2 . 8 ) 


then ★ is a graded ★ -structure. 


Remark 2.2 In substance, the graded real structure are already introduced 

in the papers B> B and 13- 

Definition 2.2 1) A standard real supergroup is a supercommutative com¬ 
plex Hopf superalgebra endowed with a standard *- structure . 


2) A graded real supergroup is a supercommutative complex Hopf superalgebra 
endowed with a graded ★ -structure. 


Now we turn to the infinitesimal version of standard and graded real super¬ 
group. 
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Definition 2.3 1) A standard real Lie superalgebra is a complex Lie super¬ 
algebra endowed with a standard real structure . 

2) A graded real Lie superalgebra is a complex Lie superalgebra endowed with 
a graded real structure. 

Thus we have to define the notion of standard and graded real structure. 

Definition 2.4 Let t) be a complex Lie superalgebra. 

1) A standard real structure 0 is an even map 0 : f) —> f) such that 

(j)(Xx + /ay) = X 0(x) + fa(j)(y), 

4> 2 (x) = x, 

4([x,y]) = [0(a), 0 ( 2 /)]. 

with A, /i G C, x, y G t). 

2) A graded real structure 0 is an even map </> : fj —► fj such that 

0(Ax + yy) = X(j>(x) + p4(y), 

4> 2 (x) = (— 

0([a,y]) = [0(a), 0(y)]. 

with A, /a G C, x, y G f). 

Remark 2.3 We frequently note a graded (standard) real Lie superalgebra f) 
by the couple (f),0) where 0 is the graded (standard) real structure oft). 

Remark 2.4 The automorphisms 0, which fullfil the properties 1) or 2), 
have been introduced by Serganova m- However, she interprets only the 
automorphisms of the first kind as real form H2F- In our thesis m we 
explain why the second morphisms generate also real form of a complex Lie 
superalgebra, for this it is crucial to work at the functorial level. 

Now, we prove a theorem which associate to a standard (graded) ^-structure 
on a supergroup a standard (graded) structure on the Lie superalgebra. 
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Theorem 2.1 Let (H,*) be a standard or graded real supergroup. Then the 
Lie superalgebra tj is equipped with a standard or graded real structure <\> given 
by the following formula 

<KW)=W), (2-9) 

with 8 e f) and f e H. 

Proof: 

We begin by the proof that <f>(5) is an e-derivation. Effectively, we have 
</>{Wg) = 8(f*g*) = <K/*) e(g*) + </*) 6(g*) = </>(8)(f)e(g) + e{f)<j>{5){g). 

1) Antilinearity: 

0(a^i+/k 5 2 )(/) = Aun+= a^x/)+ nmm, 

with A, /i e C, (5i, A '2 G f| and f,gEH. 

2) Lie superalgebra morphism: 

&])(/) = FWIB 

= <S 2 (/"*) - (-l) |illl&l W*) «,(/”•) 

= [0(5i),0(<5 2 )](/), 

for <5i, t> 2 G f) and / G H. 

3) 0 2 : 

Let * be a standard ^-structure. We have 

0ww)(/)=Men=ycm = no 

with / G H. 

On the other hand, let ★ be a graded ★-structure, we have 

mmn = mlN=Wm = (-iff/i = (-if'nr 


7 



Set), f e H. 


This ends the proof. 


In view to illustrate these definitions, we study the complex supergroup 
SL(m\n,C). First, we define C[[x^]]. It is the superalgebra of formal se¬ 
ries generated by x VJ for i,j = 1 ...m + n, it is a supercommutative Hopf 
superalgebra for the coproduct, counity and antipode 

ra+n 

A (xij) = 1 <g) x i: j + x i:j 0 1 + x ik 8) x kj , e(x ij ) = 0, 

k= 1 

S( x ij) = —Sij + (1 + X)^ 1 , 

where X is the matrice defined by (AT+ = x i3 and (1 + A^) -1 is the inverse 
of the sum of the unity matrice 1 with the matrice X. These three maps 
are defined on all the elements of C[[a+] because they are superalgebra 
morphisms. The gradation of the generators xij is Xij | = |i| + \j\ where 
|i = 0, \j\ = 1 for respectively i = 1 — rn + 1 ...m + n. Furthermore, 

the generators fullfil the following equalities XijX k i = (—l)(M+l.?1)(|fc|+KI ^>x k iXij 
so that C++] is supercommutative. The counity and the coproduct seem 
surely more familiar to the reader on the generators Uij = 5ij + x^ i.e. 

ra+n 

^ ^ ^ik ® ^ kj) ^ij * 

k =1 


The supergroup SL(m\n, C) is the supercommutative Hopf superalgebra 
C++] factorised by the ideal of Hopf superalgebra generated by the relation 
sdet( 1 + A") — 1 = 0 with the superdeterminant defined by 


sdet 


A B 
C D 


det(A - BD~ l C) 
det(D) 


where A, B, C, D are respectively m x m-matrices, m x n-matrices, n x m- 
matrices and n x n-matrices. We note the complex Hopf superalgebra of 
SL(m\n, C) by SC m | n ++]. 


Now, we turn to the Lie superalgebra of <S£ m | n ++], we note it by sl(m\n, C). 



By definition sl(m\n, C) is the set of e-derivations on C[[xjj]] which vanish on 
the ideal generated by sdet(l+X) — l = 0. Thus, we begin by determining the 
space of e-derivations on C[[x^]]. In order to know an e-derivation on C^ay,]], 
it is sufficient to evaluate it on the generators x %3 . We note S(x{j) = M i3 , 
thereby <5 dehnes a supermatrice 2 M which have the same parity of 5. Recip¬ 
rocal any supermatrice M dehne an e-derivation by the following formula 
5m (xij ) = M i3 . Moreover, we have the following equality 

[5m, 5jv](Xjj) = S[M,N](Xij). 

Hence, the complex Lie superalgebra of C[[xjj]] is isomorph to the Lie super¬ 
algebra of supermatrices M(m\n, C). Moreover we have 

8M(sdet( 1 + X )) = — trT + trP = StrM. 

Thereby sl(m\n,C) = {M E M(m\n, C)/Str(M) = 0}. 


The couple (5£ m |„[[a;y]], ★) is a graded real supergroup with 

x% = (—i)(l i l+bi)h’l i S'(x J - i ). 

The proof that this ★-structure is graded is done in ra and m This ★- 
structure gives on the Lie superalgebra sl(m\n,C) the following graded real 
structure 


0(5m)(*^p) 5^,(M)(^'p) 5 m (xij) ■ 

Thus 4>{M) = (— l)\ AI \M st where the supertranspose of a supermatrice is 
defined by the following equality 


U?) 



R* 

T t 


2 The set of complex (m + n) x (m + n) supermatrices, noted M(m\n,C), forms a 
superlinear space which elements are such that 


M = 


P Q\ 

R T ) 


where P,T are respectively m x m, n x n complex matrices and Q,R are respectively 
m x n, n x m complex matrices. The even complex matrices are such that Q = R = 0 
and odd complex supermatrices satisfie P = T = 0. The superbracket of M{m\n, C) is 
[M, N] = AIN — (—l)l M H Jv lfVM. 
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with t the usual transposition of matrices. We remark that the real Lie 
algebra of fixed points of f is su(m ) © su(n) © u(l) which is the direct sum 
of three compact real forms. Thereby, we say that (5£ m | n [[xy]], ★) is a 
compact graded real supergroup and we call it SU(m\n). 


We have previously defined real supergroup like supercommutative Hopf su¬ 
peralgebra with a ^-structure. Thus, if we endow a real supergroup with 
a supplementary structure (for instance a Poisson superbracket), then it is 
necessary to impose that the ^-structure and the extra structure satisfy some 
compatibility relation. Here is an example with real Poisson-Lie supergroup. 

Definition 2.5 Let (H , *) a standard (or graded) real supergroup. (H*) 
is a standard (or graded) real Poisson-Lie supergroup if it exists a bilinear 
map H x H —> H noted (/, g) —> {/, g} such that for all f,g,hEH 

i) it fullfils the super-Jacobi identity: 

(-1) I/IW {/, {g, h }} + (-i) wlsl {fc. {/.«}} + (-1) MI,I {J. { h , /}} = 0 , 

ii) it is super-antisymetric: 

{/,<(} = -(-l) l/ll9l {9,/}, 

Hi) it fullfils the super-Leibniz rule: 

{/, gh} = {/, g}h + (-l) im g{f, h}, 

iv) the coproduct A of H is a Poisson morphism: 

v) it is compatible with the * -structure: 

{ f*,g*} = {f,gV • 
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Remark 2.5 When a map ( f,g ) —> {f,g} fullfils the properties i ) to m) 7 
one said that it is a Poisson superbracket, if furthermore it fullfils iv) one 
said that it is a Poisson-Lie superbracket. The superbracket is defined on 
H®H (cf. n; by 

{h « f'2,gi ®92} = (—l) l5l|l/2| {/i, jgi} ( 8 ) f-ig-1 + {-l) l9lllhl figi ® {/ 2 , 

It fullfils automaticaly the super-Jacobi identity, super-Leibniz rule and su- 
perantisymetry if .} fullfils them. 

Remark 2.6 The Poisson-Lie groups and quantum groups are intimetely 
linked, in fact the first are obtained as quasi-classic limit of the last. In 
particular, the compatibility of the product and the *-structure gives precisely, 
via the quasi-classic limit, our condition v), which exprims the compatibility 
of the Poisson superbracket with the *-structure. 

In the same order of idea, we give the definition of a Poisson-Lie sub¬ 
supergroup. 

Definition 2.6 Let (H,{.,.},*) a standard (or graded) real Poisson-Lie su¬ 
pergroup. Then K, is a Poisson-Lie sub-supergroup of (H,{.,.},*) if 

i) it exists an ideal of Hopf superalgebra I such that K = H/I, 

a) i* c i, 

Hi) {/, H} c I . 

Remark 2.7 An ideal I of Hopf superalgebra H is a subset of H such that 
I.H C I, e(J) = 0, A (H) C I®H + H®I and S{I) C I. 

The property Hi) in the previous definition means that I is an ideal of Poisson 
superalgebra. 

As in the non-super case, a super Poisson-Lie structure equips the dual linear 
of its Lie superalgebra with a structure of Lie superalgebra. Before proving 
this result, we introduce the linear dual of the Lie superalgebra of a super¬ 
group. In fact, we have: 

Theorem 2.2 Let H be a complex supergroup and Kere be the kernel of 
the counit e of H. Then m = Kere/{Kere) 2 is the linear dual of the Lie 
superalgebra 1) of H i. e m* = t). 
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Proof: 


Let 5 be an element of f) and we note by the same letter its restriction to 
Kere. As 5 fullfils the property 5(fg) = 5(f)e(g) + e(f)5(g), V/, g G H, we 
deduce that 5 vanish on m 2 . So 5 factorise through a linear map [5] : m —> C 
i.e. [h] G m*. Thus, the duality between [) and m is given by the following 
formula 

({S]Mf)) = S(f) (2.10) 

where 0(/) means the equivalence classes of / in m for / G Kere. 

Reciprocaly, let d G m* and 5 be a linear map from H to C such that 
5(f) = d([f — e(/)]). Since, we have 

fg ~ e(fg) = (/ - e(f))e(g) + (g - e(g))e(f) + (/ - e(f))(g - e(g)), 

i.e. fg-e(fg) and (/ — e(f))e(g) + (g — e(g))e(f) define the same equivalence 
classes, we deduce 

Kfd) = d([fg~e(fg)]) = d([f-e(f)])e(g)+e(f)d([g-e(g)]) = 6(f)e(g)+e(f)6(g). 

These two linear morphisms are clearly inverse of each other. Moreover, m* 
is equipped of the following superbracket 

K»]n,-((/D=^((/'-e(/')])»((/"-£(/")])-(- i)'*W'-<f')Mir-<n] 

for all / G Kere and x,y G m*. And it is easy to observe that for the 
two previous maps the image of the superbracket is the superbracket of the 
image, thus 1] and m* are isomophic Lie superalgebras. ■ 


Remark 2.8 This theorem is a generalisation of a well known theorem in 
the non-super case, as we can find it in d- We give it in order to keep this 
paper self-contained. 

As in the non-super case, a Poisson-Lie structure induces on the linear dual 
of its Lie superalgebra a structure of Lie superalgebra, this is the following 
proposition. 

Proposition 2.1 Let ( H, ★. {., .}#) be a graded (or standard) real Poisson- 
Lie supergroup and (f), </>) its graded (or standard) real Lie superalgebra. Then 
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the linear dual (}* = Keren / {Keren) 2 of t) is canonicaly endowed with a 
graded (or standard) real Lie superalgebra given by the following formula 

= ^/r({/, gjit), ( p(^H(f)) = (2-11) 

with 0, H '■ Keren —> Keren/(Keren) 2 and f,g E Keren- 

Proof: 

The gradation of f)* is the following: tl H (f ) G t)o if / G Keren and |/| = 0 
whereas tl H (f) G f)* if / G Keren and |/| = 1. As the coproduct of H is 
a Poisson morphism, we deduce that e#({/, g}n) = 0, Wf,g G H. Thus, 
for f,gE Keren we have {f,g}H G Keren , so {., .}# is defined on Keren- 
Moreover, as {., .}# fullhls the super-Leibniz rule, it turns out that (Keren) 2 
is a Poisson ideal of the restriction of {., .}n to Keren- Then, it is easy to 
observe that the following bilinear map [., x 1)* —> f)* defined by 

[^H(f),^H(g))t,* = {&H(f), ^h(9)}h = H({f,g}H) 

is super-antisymetric and satisfies the super-Jacobi identity since {.,.}# full- 
fils them. 

On the other hand, the map p : f)* —> ()* such that c p(tln(f )) = tln(f *) 
is well defined i.e. f* G Keren because en(f *) = (tii(f))- It is clearly an- 
tilinear and involutive since (A f + fig)* = A/* + fig* and (/*)* = (»1)UI/ 
V/, g G H and A, fi G C. Furthermore, from {/*,<?*}# = {/, g}n we de¬ 
duce that p is also a morphism of Lie superalgebra. To conclude, 
is a graded real Lie superalgebra. The standard case follows from similar 
arguments. ■ 


It exists many ways to equip a Lie group G with a Poisson-Lie bracket. 
Among them, there are two which are frequentely used. The first uses a 
structure of Baxter-Lie algebra on the Lie algebra of the Lie group (it is the 
approach of the classical r-matrix). The second is based on the injection 
of the Lie group G in a bigger group D, which is already equipped with a 
structure of Poisson-Lie group. The injection must fullhl the axioms of the 
non-super version of the definition 12.61 i.e. the structure of Poisson-Lie on 
G comes from the Poisson-Lie group D. In the next section, we used the 
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two points of views. First we construct a classical r-matrix which endows 
SL(m\n, C) R with a Poisson-Lie structure and secondly we show that this 
latter go down on SU(m\n) such that it becomes a Poisson-Lie supergroup. 

It remains to define the notion of Baxter-Lie superalgebra (in the non-super 
case see El). 

Definition 2.7 Let (fj,0) be a standard (graded) real Lie superalgebra (cf. 
def. \2.d\) . R an even linear map on f). We said that (f ),(/), R) is a standard 
(graded) real Baxter-Lie superalgebra if 

i) f) is provided with an invariant scalar product noted such that 
(0(x), <f>{y)\ = (x, y\, Vx, y e t), 


ii) R is antisymetric: 

{R{x),y )o = ~(x,R(y))Vx,y G fj, 
satisfies the Baxter-Lie equation: 

[-R(^), R {y)} = R ([ R (x),y] + [x, R{y )]) - [x, y], Vx, ye 1). 

and fullfils the following relation of compatibility with the standard (graded) 
real structure <f>: 

4>(R(x)) = R(4>(x)), x e t). 

Remark 2.9 Thus, in the non-super case, the relations of compatibilities of 
the real structure </> with R and the scalar product allow to these last two 
maps to be defined on the space of fixed points of </>. In other words, the real 
form associated to (f is a Baxter-Lie algebra on R. 

3 Super Poisson-Lie structure on SU(m\n) via 
SL(m|n,C) R 

We begin with the definition of the graded real supergroups SL(m\n, C) R , 
SU{m\n) and s(AN ), where it clearly appears that S77(m|n) and s(AN) 
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are sub-supergroups of SL(m\n, C) c (cf. |TQ^ and m- Next, we deter¬ 
mine their Lie superalgebra, we endow the Lie superalgebra of SL(m\n, C) R 
with a structure of graded real Baxter-Lie superalgebra. Finaly, we estab¬ 
lish that SL(m\n, C) R is the double of SU(m\n) and s(AN), these two last 
supergroups becoming dual graded real Poisson-Lie supergroup. 

Definition 3.1 The Hopf superalgebra and ★ -structure which define the 
graded real supergroup SL(m\n,C) R are respectively 

Wjjij i %ij]\ ‘5^m|n[[?/p']] ® 

y* = (-1)<I<I+WDUIS(^), 4 = (-lJtW+WBWSfc). (3.1) 

Definition 3.2 The Hopf superalgebra which define the graded real super¬ 
group SU(m\n ) is 

Sldm\n[[yiji Zij]] Zij]]/1 

where I is the Hopf ideal generated by the relations 

Uij ~ Zij = 0, Vi, j = 1 ...m + n. 

The ideal I fullfils I* C I, where ★ is the graded ★-structure of S£ m \ n [[yij , z^]] 
(cf. eq. CHU thus SU m \ n [[yij, Zij]\ is endowed with a graded ★- structure. 

Definition 3.3 The Hopf superalgebra which define the graded real super¬ 
group s(AN) is 

ST-m\n\ \]Jij i ^ij]]/ ^ 

where J is the Hopf ideal generated by the relations 

Vji = = 0 Vi > j, S(yn) - zu = 0. 

The ideal J fullfils J * C J, where ★ is the graded ★-structure of S£ m \ n [[yij , %]] 
(cf. eq. (Id. IV ). thus SU m \ n [[yij, Zij]] is endowed with a graded ★- structure. 

Remark 3.1 In the sequel, we work preferentialy with the generators = 

Sij + yij and Wij = 5ij + Zij. One remarks that in these variables the coproduct 
and conunit are 

mfi-n m+n 

^ ^ 'U'ik ® ^kji ^ ^ ^ik ® ^kjt ) $ij 5 ) &ij • 

k =1 k =1 
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Now, we determine the Lie superalgebra of these supergroups. 


The Lie superalgebra b of S£ m \ n [[yij, Zij]\ consists in the e-derivations (cf. 
(12.11) 1 6 (a,b) such that 

S{A,B)(Vij) = Aj, S(A,B)(zij) = B ij, VA, B G sl(m\n, C). 

Thus, b is isomorph to sl(m\n, C)®sl(m\n, C). Furthermore, the ★-structure 
of S£ m \ n [[yij,Zij]] (cf. eq. (EHJ) ) provides b with the following graded real 
structure (cf. th. 12.11) 

because one have 

W4) = -(-l) M+MW 4-i, S (A , B) (z*) = 


The Lie superalgebra g of SU m \ n [[yij, %]] is composed of the e-derivations 
of S£ m \ n [[jjij, Zij]\ which vanish on the Hopf ideal / i.e. g = {A(a,a), A G 
sl(m\n, C)}. Moreover, g is a graded real Lie superalgebra because the graded 
real structure 0 of b fullbls 0(g) C g and we note this graded real Lie super¬ 
algebra by (g, 0 G ) where 0 G = 0| B . 

The Lie superalgebra b of s(AM)[[yij, %]] is the set of e-derivations of 
SC m \ n [[yij, Zy ]] which vanish on the Hopf ideal J. It is easy to prove that b = 
{S{A,b)/A G (sl(m\n, C)_©sZ(m|n, C) 0 ), B G (sl(m\n, C) 0 ®sl(m\n, C) + ), A 0 + 
B 0 = 0} (for the notations cf. Annexe 1 on sl(m\n,C)). Furthermore, b is 
a graded real Lie superalgebra because the graded real structure 0 fullbls 
0(b) C b and we note this graded real Lie superalgebra by (b,0s) where 

= 0 | b - 

Now, we show that b is graded real Baxter-Lie superalgebra. Indeed, b 
is endowed with the following supersymetric invariant scalar product 

((A, B), (C, D)), = (A, C) sl - (B, D) sh (3.2) 

where (A, C) s i = —^Str(AC) (see Annexe 1). This scalar product fullbls the 
relation of compatibility with the graded real structure 0 i.e. one have 

(0(A, B), 0(C, £>))* = ((A, £),(<?, £>)),. 
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b is also provided with the linear operator R v defined by 

Rq — Pb ~ Pg- 

This operator is antisymetric, satisfies the Yang-Baxter equation and the 
compatibility relation with </>. 

Remark 3.2 One observe that g and b are isotropic for the scalar product 
m, 0 = g-j-b and g, b are Lie sub-superalgebra ofD, nevertheless [g, b] 7 ^ 0. 
These properties imply that (b,g, b) is a Manin supertriple as it is defined in 

0 . 

For a classical r-matrix R on a Lie algebra of a Lie group G. it is associated 
in |T3] a Poisson-Lie bracket on G. The super case have been traited in [5J, 
thus the superbracket El in the following theorem is inspired from the one 
defined in |2l. 

It is time to write the mains theorems of this article. 

Theorem 3.1 Let SL(m |n, C) K be the graded real supergroup equipped with 
the following superbracket 


ra+n 

{/.»} = 5 £(-i) l ' lw (flA), V L hi g - vis V£j], (3,3) 

a =1 

V/, g G S£ m \ n [[yij, Zifi), where h a and h b are the dual basis ofd i.e. ( h a , h b )b = 
d a b- Then we have the following properties: 

i) this superbracket is a Poisson-Lie superbracket on (SC m \ n [[yij, Zifi], ★), 

ii) I and J are Poisson ideals, 

™){f*,9*} = {where y* = (-1) (N+Iil)b1 «5(^i), z* = (-1 )0\+\Mj\s( yji ). 


Corollary 3.1 SU m \ v {[y l3 , z t fi] and s(Afif)[[yij, %•]] are graded real Poisson- 
Lie sub-supergroups of SC m \ n [[yij, Zifi] for the previous superbracket (j.V.ffl . 
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Theorem 3.2 Let ( SU(m\n ), ★) and (s(AN), ★) be the graded real Poisson- 
Lie supergroup defined in the previous corollary, (g, <f> G ) and (b, 0#) its graded 
real Lie superalgebras. We note by g* and b* the linear supervector spaces of 
respectively g and b. Then the Poisson-Lie superbracket and the graded ★- 
structure of SU(m\n) induce on g* a structure of graded real Lie superalgebra 
noted (g*,</? G ) ( c f- prop HUP isomorph to (b,0s). Similarly, the Poisson-Lie 
superbracket and the graded real ★-structure of s(AN) induce on b* a struc¬ 
ture of graded real Lie superalgebra noted (b*,<^s) (cf. vrov \2.1\ ) isomorph to 
(qAg)- 


Remark 3.3 The theorem El states the duality of Poisson-Lie for the 
graded real supergroup (SU(m\n),ir) and (s(AN),jf), i.e. the duality with 
the graded if-structures. 

Remark 3.4 The superbracket (TO have already been introduced in the ar¬ 
ticle |2|. Nevertheless, its used to define a double seems new. 

Moreover, this superbracket is basis independant. The operators used in the 
formula El are defined by the following equalities 

v*(/) = <*(/')/", V L (/) = (_1)IV‘ |( I/I+ 1 >/'<S(/"), V/ 6 S£ m| „[[y«, % ]]. 

(3.4) 

These operators fullfil the super-Leibniz rule i.e. 

V(fg) = V(/)<? + (-l) iv|l/i /V(s), Vf,g e S£ m \ n [[yij, z%j]], 

and the following properties 

A(V*(/)) = (V r 01 )A (/), A(V L (/)) = (1®V l )A (/), V/ e SC mln [[ yij , Zij ]]. 


Proof of the Theorem 13. H 

i) Poisson-Lie superbracket: 


First, we show that A is a Poisson morphism (cf. prop, iv) def. 12.51) . 
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With the help of the formula El we rewrite the superbracket El with 
the e-derivations, i.e. we have 

{/,<?} = (-1 )W«r“*/'- (-1) 1 * 1 vurw/ 

where r ” 6 = \(R b K,h b )„, S a = S K and f,g 6 S£ m |„[[i/i,-, 2 y]]. 

On the one hand, we have 

A {f,g} = /V^a/'V' 

_(_ 1 ) h"/i+k""/"'i r ^ a/ ® rv". (3.5) 


On the other hand, we have 


{A/, Ag} = 


+ 


(-1) «/} ® /V + (-1 ) I/ " I|5 ' I /V ® {/",/} 

( _l ) l/"'l(| 9 'l+k"l)+ a (l/'l+iri) r a ^ a/ ^' 0 y/y* 

( _ 1 ) k'l(iri+l/'''l)+a(| S "|+| ff '"l) r ^ / y 0 f"g"5 a f'"5 b g"' 
(.^k^i/'i+iro+aii/'i+iro^'^^jV/V' (3.6) 


We observe that 5 a f vanish when |/| 7 ^ |a|, which means that the a priori 
non-zero terms are such that |/| = |a|. Thus, the exposant of the sign of the 
first term becomes (\f"\ + |/"|)(|g'| + \g "\) = (|/| + |/'|)(|g| + \g"'\ ) and the 
exposant of the sign of the fourth term is equal to (|/"| + |/ , "|)(| 5 ,,/ | + | g'\) = 
(I/I + l/dXM + \g'\)- So that, the first and last term cancel each other. On 
the other hand, the exposant of the sign of the second term is |a| |/| + \ f"\ \g"\ 
and for the third one have \ f"\\g'\ + |a| \g\. Thus, the expression (13.61) is equal 
to the expression El, which imply that A is a Poisson morphism for the 
superbracket El- 


We deduce the superantisymetry of the superbracket from the supersymetry 
of the scalar product (., .) B and the antisymetry of R 0 . This superbracket full- 
fils also the super-Leibniz rule because the operators V^) L are superderiva¬ 
tions. 


It remains to prove the super-Jacobi identity. We define the following Yang- 
Baxter superbracket 8 


[V 


L,R i 
ri 


V R : R , V R ; R ® V R ; R ] = [V R ; R , V 


L,Ri 


7 L,R 


V L ’ fi + 

v r*o 1 


8 This Yang-Baxter superbracket has been already define in [2i. 
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We used also the following convention 


V A 0 V B <g> V c (/ ®g®h) = (-1)I/KI s I+I c D+MI c Iv a / V B g V c h. 


Then, the super-Jacobi identity is equivalent to 



fact thar f? 0 fullfils the Yang-Baxter identity and is antisymetric we deduce 
that 




i J,k=l 


These two expressions are basis independant, thereby we write them with the 
basis e* = (u,;, 0), (0, n*) and its dual basis e* = (ig, 0), (0, — ig). Furthermore, 
it is sufficient to prove the super-Jacobi identity on three generators taken 
among Uij,w a b . Thus, we evaluate the terms of the sums (ED.(EH) on the 
generators u ab , u cd , w mnj we have 



But the term [(f)j,0), (0, —Vk)} is zero, this proves the super-Jacobi identity 
on three generators u a b,u c d,w mn . The proof is the same for three generators 
u a b, Wd, w mn . Therefore, it remains to prove the super-Jacobi identity on 
three generators of the same kind. We do it for three generators choosed 
among the generators u a b , the proof is identical for the generators w cd thus 
we don’t give it. We have the following equality (cf. annexe 2) 




(3.9) 
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where E st = (—1)I s l2 iE ts and fullfils (E pq ,E st ) s i = 8 ps 8 qt . Then by a direct 
computation we find 


m+n 

E [£+ Est})sN L E ab ® V L Ecd 0 ® ® U pq ) - 

a,b,c,d,s,t= 1 

m+n 

E ++ ^t\)sl^ ab ® v| cd 0 ^eJuh 0 Uki 0 M pg ) = 0. 

a,6,c,c£,s,£=l 

(3.10) 


Thus, we have proved the super-Jacobi identity. 


ii) I,J Poisson ideals: 


In view to prove that I, J are Poisson ideals for the superbracket EJ , we ex¬ 
prime this superbracket in another basis. Let T t , t t be a basis of respectively 
g and b defined by (cf. annexe 1 for notations) 

Ti = {(E a , E a ), (E- a , E-a), (i+, H p ), (Ep, Ep), (E-p, E-p ), 


(Hu, Hu), 0+ Yy), (Vl 7 , y_ 7 ), (Ho, H 0 )} , (3.11) 

U = {(2 iE_ a , 0), (0, -2 iE a ), (■ iH p , -iH p ), (2iE_p, 0), (0, -2 iEp), 

(iH v , -iH u ), (2iVL 7 , 0), (0, 2zl+), (iH 0 , -iH 0 )}. (3.12) 

These basis fullhl (T*, tj) 0 = +. Since b = g j- b, the vectors + , ti are a basis 
of b, and its dual basis is T l = ti, ti = (—1)1*+*. As = +, — P 0 , we deduce 
that P 0 (+) = U et Rx,(ti) = —(—1)1*+*. In this basis + ,f* the expression of 
the superbracket m becomes 

1 n+m 

{/,»} = ^[E(- 1 ) I “ II/Iv t„/ v £9-(- 1 ) W+WI/Iv £/ v t„9 

( 2=1 

-(- 1 )HI/I V « / v“s + (-1) H+Wl, 'vfj V?.g], (3.13) 

Moreover, we have (cf. annexe 3) 

C R = C L 
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with 


m+n 

C L ’ R = Vjf ® v i’ R + (-l) w v£’ fl ® Vrf- 

a= 1 

From this equality, we deduce the following new expression of the super¬ 
bracket mu 


n+m 

{f,g} = V‘ 9 - V*/ V* 9 ), (3.14) 

Z=1 

Then, since Tj is a basis of g, the ideal / is invariant under the superderiva¬ 
tions Vy.’ L . Therefore, from the expression mu we have {/, /} C I for 
all / G SC m \ n [[yij, Zij]]. Similarly, since U is a basis of b, J is invariant un¬ 
der the superderivations V^' L and so we deduce from the expression mu 
that {/, J} C J for all / G S£ m \ n [[yij, %]]. Thus, the Hopf ideal /, J are 
Poisson ideals. Furthermore, it is clear that (because the superbracket (13.31) 
is Poisson-Lie) the superbrackets on SU m \ n [[yij, %]] and s(AJ\f)[[yij, %]] are 
super Poisson-Lie. 


iii) {/+}* = {/*,+}: 

First, we remark that 

Vm(D = (Vj (M) /r, V^/*) = (Vj (M) /)*. 

Thus, we have 

m+n 

{/*,9*} = V«9* 

a, 6=1 
m+n 

a,6=1 
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In exchanging h a by <p(h a ) and by observing that (j)(h a ) = <fr(h a ), we deduce 


m+n 


a, 6=1 

-(v£(„„,/r (v^ (w9 )*] 


m+n 


= E (-i) wl/l (-R»(h.), h b u(vyr (vj,9)* - (v£/r (v^y 

a,b= 1 

= i f,gV- 


Proof of the corollary I3.lt 

It is a direct consequence of the previous theorem 13.11 ■ 


Proof of the theorem l3T2l 

The strategy of the proof is the following, first we prove that the Poisson-Lie 
superbracket dm and the ^-structure of SC m \ n [[yij, Zij]] induce (because 
of the prop. O) respectively a structure of direct sum of Lie superalgebra 
on b* = Q* © B* and a graded real structure ip on £)*, which leave invari¬ 
ant Q* and B*. Here, Q* (B*) is dehned like the space of linear forms on 
c) = 0 + b which cancel on b (g) i.e. Q* and B* are naturally identihed 
to g* and b* (i.e. with the linear dual of g and b). Next, we show that 
(Q*, <^| ) and (B*, <p\ B J) are respectively isomorph to (b, cp B ) and (g, 0+. On 
the other hand, the dual space of g and b noted g*, b* are also dehned di¬ 
rectly from SUm^Hvij, Zij]) and s(AAf)[[y lv %]] as 9 g* = Kere G /(Kere G ) 2 
and b* = Kere B /(Kere B ) 2 . Then, since SU m \n[[yij, z {j ]] and s(AJ\f)[[yij, %]] 
are graded real Poisson-Lie supergroups, g* and b* are graded real Lie su¬ 
peralgebra which we note respectively (g*,</?cO and (b*,p> B ). Finaly, we 
show that (g*,<PG) and ( b*,ip B ) are isomorph respectively to (&*,<p\ g *) and 
(B*,<p | s *). To conclude, we have proved that (g*,<p G ) and (b*,<p B ) are iso- 

9 We frequently note in this proof the maps on SU m \ n [[yij, z^]] (s(AJ\f)[[yij , Zij]]) which 
come form maps on SC m i n [[yij, Zij]\ by the index G (B ). Thus, e G is the counity of 
SU m \ n \\yij , Zij]]. Similarly, we index by the letter D the maps defined on SC m \ n [[yij, Zij]], 
for instance is the counity of SC m \ n [[yij, %]]• 
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morph respectively to (b,0+ and (q,4>g). These show that SU m \ n [[yij, 2 +] 
and s(AJ\f)[[yij, Zij]\ are duals Poisson-Lie supergroup. 


Let fi, gi be two sets of elements of S£ m \ n [[yij, z l3 ]] with i = l...(m + n) 2 — 1 
defined by 

m-\-n m+n m+n ( tt \ 

fi = {^2( E a)ij u ij, 51-TT^^+n) - Wii), 

i,j=1 i)j = 1 2=1 


m+n m+n 

i,j=1 ij=l 

m+n m+n m+n 

2,^=1 2,^=1 2—1 


m+n 

£ 



W«) 5 


— 2 ~ - w»)}, 


with 


m+n 

5^ { 5 'j ((-^-i)kl^kl T (B/jkiWki )}j 

k,l 


(3.15) 

(3.16) 


{(+, +;)} = {(-^ Q , ^«), (-^_ a , ^_ Q ), (-^, ^), (^, -^), 


-E-p, - 
2 ^ 

where i/g = We remark that fi G J and g t G /. Moreover, we note 

f+ the canonical projection 


i ~ . ,i ~ i ~ . . i i s i 

-B_s), (--w -V). (2 V 7 , --v_ 7 ), (~ffS, -HS)}, 


Qn ■ Keren —> Keren / (Keren) 2 ■ 

For <5(+,s) G 0 and / G Keren , the duality between t) and 0* = Keren/(Keren) 2 
is given by (cf. (12.101) ) 


(< 5 ( a , s )+ d (/)) — $(A,B) (/) • 

Thus the familly of vectors f 1n(fi) are in duality with <+ and cancel on +, 
while fl D (9i) are in duality with 5 ti and vanish on +.. So, ^n(fi) and VLn(gf) 
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are respectively a basis of Q* and B*. From the proposition 12.11 we deduce 
that D* is endowed with the following Lie superbracket 

[n D (f),n D (g)]r = n D ({f,g}) (3.17) 

for all /, g G Keren. Now, we show that h* is a direct sum of Lie superalgebra 
i.e. 0* = Q* © B*. The expression of the Lie superbracket (EH) in the basis 
Q D (fi),Q D (gi) is 


(m+n) 2 — 1 (m+n) 2 —1 

[hlp(/), hlpd)]^ = X^ <%({/, g})^D{fk) + X^ +,({/, 5 , })klp(5 , s), 

fc=l s=l 

for all f,g E 5£ m |n[[ftp %]]• Since + and 5 ts cancel respectively on I,J 
and that {fi,gj} is in / and J, we deduce that 

[hlp(/j), hl+ft)] o* = 0. 


We have also 

(m+n) 2 —1 

KW/.), !+(/,)]»• = Y1 Mtt./jHSW*), (3.18) 

fc=l 

(m+n) 2 —1 

[hip (ft), hip (ft)] = X^ ft})hlp(g , fe). (3.19) 

fc=i 

We find with the help of the expression dsm of the superbracket (13.31) the 
equalities 

SnHfi.fi}) = (—i) |i|+1 [<+ <+](/,), SM'Ji.'Ji}) = (-i) |i|IJI+ 1 [+,+.J(®). 

Moreover, from the following equality 

(m+n) 2 —1 (m+n) 2 —1 

[<++;,] = X^ ([Ta,tb],tk)v8 Tk + X) (r fe , [T q ,4]) 0 5 4 

fc=l s=l 

we deduce 

(m+n) 2 —1 

[hlp(/+bl D (/ J )] 0 * = X] (-1 (3.20) 

fc=i 
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(ra+n) 2 — 1 

[n D ( gi ),n D ( gj )] v * = Y (-1 ) |1||J|+1 ([T,,T J ], 4 ) 0 ^(^). (3.21) 

k=l 

Thus, b* is a direct sum of Lie superalgebra. On the other hand, with the 
help of the proposition 12.11 it turns out that b* is endowed with the graded 
real struture 

•p(n D (f)) = a D (f*), 

for all / e S£ m \ n [[yij, Zij]]. Furthermore, as I and J are invariant under ★ 
and /*, gj are respectively in / and J, it turns out that Q* and B* are in¬ 
variant under p. So ( Q *, p\ g ») and ( B *, p\ B *) are graded real Lie superalgebra. 

Now, we show that (Q*, <p\ s ,) is isomorph to (b, </>#). Let Op(f a ) = * |a| fir»(/a)- 
We have the following equality 


(rra+n) 2 — 1 

[^p(fa), ^p(ffe)]o* = 'Yj (Tk,[ti,tj])x,riD(h)- 

c= 1 

Let T be the isomorphism defined by 


T : Op(f a ) - S ta 


then the equality (13.2011 imply 

T([fi D (f a ),n D (f 6 )] 5 .) = [T(n D {f a )),T(n D (f b ))] v 

in other words T is an isomorphism of Lie superalgebra. Nex with the help 
of the scalar product (., .) a we define the isomorphism 3 : b* — > b by 

(x,v) = (x,J(w)) 9 , 

where x <G b and a; G b*. Thus, U(^z)(fa)) — ^ a ^t a - We remark that 
3(u) = i^T(co), Vu; e Q*. Moreover, we have 


(m+n) 2 —1 

¥>(SM/))= Y fr.(D ! MU 

a— 1 
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We apply T on the two members of the previous equality 


T{<p{Q D (f))) 


(m+n) 2 — 1 

E wnm-tw) 

a= 1 

(m+n) 2 —1 

E H w P®Wj)^ 

a=l 

(m+n) 2 —1 

a— 1 

(m+n) 2 —1 

E W M fe+(3(Si D (/)))) a ^ 

d— 1 

i |/ y( 3 (n D (/))). 


From the fact that 3+) = ++(<+, Vo; G £7* and the previous equality we 
find 


r+(n D (/))) = +T(^(/))) 


i.e. 

T o ip o T~ l = 0. 

Thus, (C/*,<^| *) et (b,0s) are graded real Lie superalgebra. 


We turn to the proof of the isomorphism of (B*,<p | s .) and (g,0c). Let 
f+(g a ) = (—l)l a l +1 f+(g a ) and the morphism S : B* —> g define by 

« 5 (^£)( 0 a )) = S Ta - 

Thus, The equality (Id.211) imply 

£([^D(0a), ^d(0&)]d*) = [5(fi£)(g a )), 5 (Od(0&))]0 

i.e. S is an isomorphism of Lie superalgebra from B* to g. The scalar product 
gives also an isomorphism from 23* to g such that 3(f+(g Q )) = — <+• It 
appears that 3 = —S. On the other hand, the graded real structure is 
defined on 23* by 

tp(Q D (g)) = tt D (g*). 
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We exprim this previous element in the basis SId(9o) he. 

(m+n) 2 —1 

<p(^D(ff)) = (H s t a )^D(g))n D (ga)- 

a=l 

We apply S on each side of the previous equality, thus we have 

(m+n) 2 — 1 

S(>p((l D (g))) = ^ (4,(5 t „,3((l D (g)))),S(Sl D (g a )) 

a= 1 

(m+n) 2 — 1 

= E (-l) l “ l+1 (^W.>P(« D (9))))) i ,'5T. 

a— 1 

(m+n) 2 —1 

= -(-i) lsl E (<KWD(g))))M*Sr. 

a= 1 

= +-i) i! yp(sw 9 ))). 

Thus, if \g\ = 0 we have S o (p = —0 o 3, but since 3 = —S we deduce 
= <fi. While for \g\ = 1 we have S op = (po3 i.e. = — <fi. 

In fact, we have 

Soipo S~\M) = (-1 ) |m| (/>(M) = K<P(K~ 1 M) 

with M = ( A, B ), A, B e sl(m\n,C), K = diag( l m , —l n ) and KM = 
( KA , Jl B). Thus, is conjugated to (p and so (£>*, and (g, (p G ) 

are isomorphic graded real Lie superalgebras. 

Now, we equipp g* with a graded real Lie superalgebra, and we prove that it is 
isomorph to (Q*, </?| ). Let i G , £l G be the following morphism of superalgebra 

i G : S£ m \ n [[yij, Zij ]] -> Sl4 m \ n [[yij, %]], : Kere G -+ Kere G / (. Kere G ) 2 , 

and remember that g* = Kere G /(Kere G ) 2 by definition. The Lie superal¬ 
gebra of SU m \ n [[yij, z^]] is g = {e-derivation 5 : «5W m | n [[?/„, %]] -> C}, but 
every e-derivations of g come from an e-derivation of SC m \ n {[g lv z^]] which 
cancel on /. Thus, (<%) is an element of g defined by the following formula 


(<%)(*g(/)) - <%(/) 



with / G SC^nWyij, Zij]] and S Ti G D su ch tha t S Ti (I) = 0. Let 0 G (i G (/;)) be 
vectors of h*, where f t are defined by dnnp , it is in duality with the basis 
(Sri) °f indeed we have 


((^tJ^G^gC/j'))) - (^Ti)(iG(fj)) ~ ^Ti(fj) - Sij. 

So, the set 0 G (i G (/j)) is a basis of g*. We define the Lie superbarcket by 

[Cl G (i G (f)), O G (i G (g))] 0 » = Q G (i G ({f, g})) (3.22) 

for all /, g G Keren■ On the other hand, we deduce from the equation (13~TH1) 
that 

(m+n) 2 —1 

{fi,fj}= Y. S n({f„fi})h + (Kere D ) 2 . 
k= 1 

We evaluate fl G o i G on each side of the previous equation i.e. 

(m+n) 2 —1 

!+(+({/., /+)) = Y 

k =1 

Thus, the isomorphism of supervector space T : g* —> Q* defined by < T(0 G (i G (/j))) 
is an isomorphism of Lie superalgebra since from the previous equality 
and the formula (13TB . (EM we deduce 

^([0 G (? G (/)), O G (i G (g))] 0 *) = [T(0 G (i G (/))), < T(0 G (i G (g)))+. 

Finaly, the graded real structure of g* is defined by 

<£ g (^ g + G (/))) = Q G (i G (f*))- 

But, from the expression of 0 G (i G (/*)) in the basis £l G (i G (fi)), we find 

(m+n) 2 —1 

ip G (Q G (i G (f*))) = ^ ((5 T J, 0 G (i G (/*)))0 G (i G (/ i )) 

i= 1 

(m+n) 2 —1 

= (/*)^ G (*G(/*))■ 
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We apply the morphism T on the previous equality 


z(Mn G (i G (m) 


(m+n) 2 —1 

i =1 

W) 

^| s .(^d(/))- 


This imply 


%o(p G o% 1 = 

In other words X is a graded real Lie superalgebra morphism. 


In the same way, we can prove that b* is isomorph like graded real Lie 
superalgebra to ( B *, <£>), the proof is similar thus we don’t write it. ■ 


Now, we explain why this construction is the super-version of the Lu-Weinstein 
Drinfeld double. 

For n = 0, we have b^ = + b^ = sl(m, C) R = su{m ) 4- an where b^ = 
{x G b : <j)(x) = x}. Since the hxed points of 0 is the set {(A", — X l ), X G 
sl(m, C)}, the scalar product (., .) 0 becomes 

((A, —A*), (A, -W )) 0 = Im(tr(XY)). 

Thus, what we have done is the complexified version of the Lu-Weinstein 
Drinfeld double, the fact that this complexified double gives (for n = 0) 
a real double comes from the properties of the real structure 0 with the 
structure of Lie algebra, the scalar product (., .) 0 and the classical r-matrix 

R*. 

3.1 Annexe 1: sl(m\n, C). 

In this annexe, we give some useful properties for the Lie superalgebra 
sl(m\n, C) for m ^ n. We assume in this section m 7 ^ n. 
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The Lie superalgebra sl(m\n, C) = {M G M(m|n, C) /Str(M) = 0} have 
the triangular decomposition 

s/(m|n, C) = s/(m|n, C)+ © s/(m|n, C)o © sl(m\n, C)_, 

where sl(m\n,C)+ is the strict (zero on the diagonal) upper triangular com¬ 
plex matrices, sl(m\n, C)o is the set of supertraceless diagonal supermatrices 
and sl(m\n, C)_ is the set of strict lower triangular supermatrices. Thus, ev¬ 
ery elements x G sl(m\n, C) have the unique decomposition x = x + + xq + X- 
where Xi G sl(m\n,C)i, i G {+,0,—}. On the other hand, sl(m\n,C) is 
provided with the following scalar product 

(M, N) al = - l -Str{MN ), VM, N G sl(m\n, C), (3.23) 

which satisfies the following properties 

([■ M,N],P) sl = (M, [N,P]) al , (. M,N) al = (—l)l M H 7V l(iV, M) a i, 

VAf, N, P G sl(m |n, C). When a scalar product fullhls the first property we 
said that it is invariant, for the second property we said that it is supersy- 
metric. Furthermore, sl(m |n, C) has the following properties: 

(1) sl(m\n, C)j are Lie sub-superalgebras for i G {+, 0, —} and [sl(m\n, C)o, sl(m\n, C)o© 
sl(m\n, C)±] C sl(m\n, C)±, 

( 2 ) sl(m\n, C) + C sl(m\n, C)^:, sl(m\n, C)_ C sl(m\n, C)f, sZ(m|n,C) 0 G 
(sl(m\n,C)o © sl(m\n, C)_)^ where g L is the orthogonal of the set g in 
sl(m\n,C) for the scalar product (13.231) . 

Now, we give a basis of sl(m\n,C). We note E st the supermatrice such 
that ( E st )ij = S si S t j. A basis of sl(m\n,C) + is 

E ry = E st 1 < s < t < m , Eg — iE st m+l<s<f<m + n, 

Fy = E st m+l<t<m + n , 1 < s < m. 

these are the positive roots of sl(m\n,C), which we symbolize by cc, 7 > 0 . 

A basis of sl(m\n, C)_ is 

E_ a = El , E_p = E\ , y_ 7 = V], 
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where t is the usual transposition. These are the negatives roots a, (3 ,7 < 0. 
While a basis of sl(m\n, C ) 0 is 


Ih, 


— 7 ===( 5 Z E u ~ kE k+ ifc+i), k = 1 ...m - 1, 

\k\k + 1) j =1 


g a = 7 =—= ( 
\/s(s + 1 ) ^ 


y, Eu - sE s+ls+l ) , s = m T l...m + n - 1, 


=m+l 

to which we must add the following supervector 

m+n 

n 


/— m rn-\-ri 

tt Vn tyi v—> x 

hfo = — 7 =(/ Ekk H-/ Ekk), n > 

yjm{n — m ) ^ ' n 


m 


/c=m+l 


or 


Hn = 


i\ n 


\/m{m - n) “ 


^ ^ Ekk T ^ ^ Ekk) ■> <: ' 


m+n 


m 


k=m +1 


Thus a basis of s/(m|n, C) is u* = (£+ H fl , Eg, i+, 1+ i^o), * = l...m + n — 1. 
This basis is normalised such that 


Str{E a E_ p ) = 8 aP , Str{E a E-f}) = S a g, Str(V y V- e ) = <+, 

StriH^) = 6^, Str(H^H v ) = 5^, Str(H 0 H 0 ) = 1, 

and the supertrace of other couples is zero. Furthermore, a basis v t is a 
dual basis of v l if it fullhls ( Vi,Vj) s i = Sij. Thus, the dual basis of v t is 

Vi = (E a , HEg, H u , Vy, Hq) such that 

E a = 2 iE_ a , H t , = 2 ii+, Eg = 2 iE_g, H u = 2 iH v , 

Vry = 2 iV—y, V-~f = —2 iVy, Ho = 2t//(J, 
with 7 > 0 and a , /3 positive as well as negative roots. 
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3.2 Annexe 2: Proof of the equality (13.91) . 

Let e* = {E a , H^} be a basis of sl(m, C) C sZ(m|n, C) and e ? ; = 
the dual basis for (., .) s i, then we define the Wess-Zumino-Witten form 


WZW 9l{m , C) = X] fo’ efcDrfV 0 Vj L 0 v, 


efc 


i,j,k=l 

1 


6 


XI ( g o e fe ]) s ;V2’ L A Vf; L A V 


R,L 


i,j,k =1 


We develop the right hand side of this equation and gather identical terms 
i.e. we obtain 

™*C) = Vtf AVf/AVtf 


o,/3,7 


+6 E A v£/ A V^V*,]! 

a>O,0>O,fi 

On the other hand, we have the following equality 


s,t,p,q,a,b= 1 


L 

®a 6 


E (B,.,[S« r ,Bd)„Vj>V“AVjt+6 E VgfAV^AV 

s^=t,p^=q, a ^=b=l s>t,p>q =1 

Since E a = E st with t > s for a > 0 and s > t for a < 0, we deduce 

(2i) 3 m 


R,L 

\Ets iEqp 


WZW sl(m , c) = 


6 




Eab ' 


s,t,p,q,a,b= 1 


or 


= j E (A„[ 4 r .-E ta ]), i Vj>V^AV^. (3.24) 

s,t,p,q,a,b= 1 

with Egt = (—1)^2 iE ts such that ( E tS: E a b ) = fit,b$s,a- hi the same way, we 
prove that 

.. m+ri 

trzw.^,0 = - E (A,,[Ap.AJ)„vKav^av“. (3.25) 


s,t,p, q,a,b=m-\-l 
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where we have define WZW s ^ nj q in the basis e* = { E a , H u } and dual basis 
ej = {E a , H u } for the scalar product (., + by the expression 




ij,k=1 

Now, we develop the Wess-Zumino-Witten form of sl(m\n, C) written in the 
basis Vi and dual basis Vj for (., .) s i (cf annexe sl(m\n, C)) i.e. 

m+n 

WZW s i (m | n ,o = ^2 (Vi, [Vj, Vk])siV% L ® Vf; L 0 Vj’ L 

1 m+n 

= g E (*<- Pi. A a v«y 

= WZW sl{niC) + lhZlh sl(m , c) 

jR,L 

W,v-d " v ^ 

7>0 

+ v 

/3,7>0,/3^7,a 

+ E ([wvj.e-jw^av^av*; 1 ). 

/3,7>0,/3^7,« 

(3.26) 


(2 ! ) 3 (E A V^v- A V„, 


With the use of E ts , because we have E a = E st , Eg = iE kt and V 1 = E ab , 
and the following decomposition 


m+n 


+ 7 +_ 7 ] = ^(+ 7 +_ 7 ],4s)s,^ 


S=1 


the expression (ECU) becomes 
WZW s i( m \n t C) = W ZW s i{n ,€) + ih’ ZW s i( m ,C) 


(2i) 3 ( E ([£.«, s p ,],b„)„v£>v?;>v 

l4® ! hl=o>|p|=l“l= 1 >l 6 l=kl=o 

E ([^. £ pj. A A V^) 


M=l4=bbl=|a|=i,|&|=kl= 0 


(3.27) 
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On the other hand, we develop 

m+n 

£ (4, [E qr , E ® V™ ® 

s,t,p,q,a,b= 1 

for this we decompose this sum following the parity of the couples (f, s), 
(p, q ) and (a, 6), and we remark that the term ( E st , [E+ £+] + is often zero 
10 , then after some algebraic operations we have 


+ 

+ 


m-\-n 


£ (4., [4,, 4D.V « v§£ ® vfj 

s,t,p,q,a,b= 1 

1 m 

- £ (4„[4.4])..vJ>v^av“: 

1 


L 

E a b 


s,t,p,q,a,b=l 

m+n 


6 


ib 


£ (4 J4 4D.VK A v*4 

s,t,p,g,a,6=m+l 

( 2 +( 

|s|=|i|=0,|p|=|a| =1 ,|6|=|g|=0 

£ ([ E ba , E„], &,) *Vf * A A V“) 


([S ta ,B r J,B„)„V«A AVA‘aV“ 


_R,L 


|s| = |t| = l,|p| = |a| = l.|fe| = |g|=0 


(3.28) 


Thus, from the equations (18.241) . (18.251) . (18.271) and (18.281) we deduce 

m+n 

JPZfFs2(m|n,C) — ^4 (-Est; [-Eqp;-Eafe])s«V^ t ® ® V^. (3.29) 

s,t,p,q',a,6=l 

In other words, we have prove the equality AH). 

3.3 Annexe 3: Proof of C R = 

First, we recall the definition of C R,L 

m+n 

C R ’ L = ® vf; L + (-1+VJ L ® Vj L . 

a= 1 

10 For instance when E st and [E qp ,E a b\ have not the same parity. 
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From the expression of the basis T a ,t a (cf. (IH. Ill) and (Id. 1 211 ). we deduce 




c. 


R,L 


(3.30) 


with 

syR,L 

on 


m— 1 


®(E( V & 

' ® v^ l q 

+ vf 

0Vf 

) + E V «t « V Hf) 

a>0 




1 

+ E(+ 

0 vJ L 

7 j —(3 

+ v Si 

0 V?’ L ) 

n—1 

+ ^ v R + 0 v^ L 

/3>0 



i/=i 

+E« L 

0Vg 

-vgc 

S V0) 

+ v£f ® vgf). (3. 


< 5>0 


The index u ( w ) means that C R ’^ acts only on the generators u(w). More¬ 
over, it is not difficult to prove the following equalities 


m —1 


k =1 


^ ^ Hfi ® H^ ^ ^ Ehk CB) -Efck l m (8) l r 

. f ti 

M= 1 


n —1 


ra+n 


^H u ® H u = - ^2 E kk ® E kk + -l n ® In 

i>=l fc=m+l 

Hq 0 lm+n ® ljn+n 

n — m 

where l n = dia+ln, 0), l m = diag( 0, l m ) and l m+n = diag(l n , l m ). The 
previous three equations imply 

m—1 n—1 m m+n ^ 

E ^®^+E h^+h„»h„ = £ -^kk^-^kk ^ ^ 1 (^ 1 - 

Th 171 

[i =1 ^=1 fc=l Z=m+1 


Thus, from the equations (USD and ()3.32(1 we deduce 

m+n 


(3.32) 


C0 1 = 2i(E(-l)'''vJt ® V“;f + 

t,s=l 


n — m 


-Vf’ L 0 Vf’ L ) 


Then, it is easy to prove respectively the equalities C% = C R and C^ = C R 
on the generators u and w. Therefore, we have = C R and = C R . 
Finaly, the equation GEP and the two previous imply 

C R = C L . 
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